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Abstract 
Let G be a simple graph of order n. The independent domination number i(G) is defined to be 
the minimum cardinality among all maximal independent sets of vertices of G. Motivated by 
work of Cockayne et al. (1991) and Cockayne and Mynhardt (1989), we investigate the 
maximum value of the product of the independent domination numbers of a graph and its 
complement, as a function of n. In particular we prove that if G is regular then 
i(G). i(G) < (n + 14)2/12.68. 
1. Introduction 
Let G = (V, E) be a simple graph of order 1 VI = n. An independent set is a set of 
pairwise non-adjacent vertices of G. A subset I of V is a dominating set if every vertex 
of V - I has at least one neighbour in I. The independent domination number i(G) is 
defined to be the minimum cardinality among all maximal independent sets of G. An 
independent set is maximal if and only if it is dominating, so i(G) is also the minimum 
cardinality of an independent dominating set in G. 
The parameter i(G) was introduced by Cockayne and Hedetniemi in [3], but not 
explored in great detail until Favaron [S] and then the present author [6,7] estab- 
lished upper bounds for i(G) in terms of the order and minimum degree of G. In [4], 
Cockayne and Mynhardt derived upper and lower bounds for the maximum value of 
the product i(G)* i(G), as functions of n. Clearly i(G) is the minimum cardinality of 
a maximal clique of G. The upper bound was subsequently sharpened by Cockayne et 
al. in [l] (see Proposition 1 below), but the precise maximum value remains unknown. 
Recently the asymptotic limit of this quantity was determined [2]. 
The aim of this paper is to extend the work of [1,4] on the product of the 
independent domination numbers of a graph and its complement. Our main theorem 
gives an upper bound on i(G) * i(G), as a function of n, for regular graphs G. This study 
was prompted by observing the irregular structure typical of graphs attaining known 
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or conjectured upper bounds for i(G) and i(G). i(G) in earlier research. Prior to this we 
consider the same problem for general graphs. Given G containing a minimum 
maximal independent set I, we examine the maximum degree in I of any vertex of 
V - I. Analysing the graph in terms of this parameter yields partial improvements on 
previous results via simple and concise proof techniques - the proof of [l] was rather 
technical. 
In what follows, the open neighbourhood of a vertex u will be denoted by 
T(u) = {u E V: uu E E}, and that of a set of vertices X by T(X) = ux E x T(x) n (V - X). 
We abbreviate i(G) to i and i(G) to i where it is unambiguous, and without loss of 
generality assume i > i. 
2. Results 
Initial interest in finding the maximum value for the product of the independent 
domination numbers of a graph and its complement lead to the bounds below. 
Proposition 1. Any graph of order n > 4 satisjies 
< maxiid min p,p 
where E = 3 if n is odd and E = 4 if n is even. 
The upper bound was the main theorem of Cl]; note that the first bound is better if 
n < 27, the second otherwise. The lower bounds were obtained through this next 
construction of [4] for n 3 0 (mod 4), amended in [2] to provide examples for all other 
values of n > 4. Let V(G) be partitioned into sets of equal size X, Y where G[X] is an 
independent set, G[ Y] is complete, and the bipartite graph induced by X, Y is regular 
of degree n/4. Then i = i= 1 + n/4 and hence ii= (n + 4)2/16. In [2] it was proved 
that lim,, m max ii= n2/16, indicating that these lower bounds may be close to the 
exact maximum value of ii. 
Evidently the graph cited above is highly irregular, in the sense that the maximum 
and minimum degrees differ by n/2 - 1. A wide spectrum of vertex degrees was 
a feature common to most graphs either extremal or conjectured to be extremal with 
respect to i in [S--7]. Therefore one might expect to improve upon Proposition 1 
when G is a regular graph, and this achieved in Theorem 5 below. 
First we demonstrate how the upper bounds on ii can be tightened in a more 
general setting. We shall require the following elementary lemma, adapted from the 
proof of Lemma 3 in [7]. 
Lemma 2. Let G be a graph with a minimum maximal independent set I, and let 
k = max,.v_r IF(x) n Il. Then V - I contains an independent set of order at least k. 
J. Havilandl Discrete Mathematics 143 (1995) 275-280 211 
Proof. Choose x E I/ - I such that k = IT(x) n II is maximum, and let K = T(x) n I. 
Form the set X = {u E I/ - I: T(u) n I G K}, and let R be a maximal independent set 
of G[X] containing x. Then R u (I - K) is maximal independent for G, so 
IRI + (i - k) > i, i.e. [RI B k. Thus R is the required independent set of V - I. 0 
In the terminology of Lemma 2, let Ibe a minimum maximal independent set of G, 
and set k = max,. “._r IF(x) n II. 
Lemma 3. Any graph of order n satisjes i + i+ k + k < n + 4. 
Proof. By Lemma 2, the graph G contains two disjoint independent sets, one of order 
at least i, and the other of order at least k. These two independent sets correspond to 
two cliques in G. Since any independent set of G can contain at most one vertex from 
each clique of G, this is true for rso we deduce that V - Icontains disjoint cliques of 
orders at least i - 1 and k - 1 in G. 
With k defined as above, Lemma 2 additionally implies that V - I contains an 
independent set of order at least k in G. Obviously an independent set of V - 1 can 
have at most one vertex in common with a clique of V- I; so 
(i - 1) + (k - 1) + (i; - 2) Q n - i, 
which proves the lemma. ??
For the remainder of the paper, given G with a minimum maximal independent set 
I, we denote by R the independent set of order at least k in V - I guaranteed by 
Lemma 2. This next theorem improves upon Proposition 1 for certain classes of 
graphs. 
Theorem 4. Zf a graph of order n satisjies min {k/i, k/i} < l/2 or max {k/i, c/i} = 1 
then ii< (n + 4)‘/12. 
Proof. First suppose k < i/2. All vertices appear in an independent set of order at least 
iin G and hence in a clique of order at least iin G. Now G[I u R] is bipartite, so any 
clique of G contains at most two vertices from this set; consequently each vertex of 
I has at least i- 2 neighbours in V - (I u R). Meanwhile, each vertex of V - I has 
degree at most k in I, implying 
i(T- 2)/(n - i - k) < k. 
Solving this inequality for k gives ((n - i) - [(n - i)’ - 4ii+ 8i]“‘)/2 < k. Using the 
upper and lower bounds on k and solving the resultant quadratic expression for ii 
yields ii< i(2n - 3i + 8)/4, and it is easily verified that the maximum value of the 
right-hand side of this last inequality is (n + 4)2/12. 
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Clearly a similar argument applies for E < ?,,2. To complete the proof, it remains to 
dispose of the case where k = Tand k > i/2. Applying Lemma 3, 
so ii< 2?(n - 2i+ 4)/3 < (n + 4)2/12, as required. 0 
The proof of Theorem 4 can be adapted to derive a short proof of a general upper 
bound for iiakin to that of Proposition 1, but does not (at this point) lead to any 
significant improvement. 
Before establishing our main result for regular graphs, note that if G is regular of 
degree 6 then each vertex of a minimum maximal independent set Z has degree 6 in 
V - I. Then with k defined as above, we have id/(n - i) < k < 6, from which it follows 
that i < n - i for regular graphs - we employ this observation in the proof below. 
Theorem 5. Any regular graph of order n satisjies ii< (n + 14)2/12.68. 
Proof. Let G be regular of degree 6. If both k = i and k = i, Lemma 3 gives 
i + 7~ (n + 4)/2 and thus ii< (n + 4)*/16. 
Henceforth assume without loss of generality that k # i. Furthermore write 
i + i= a(n + 14), CI E Q; then 
ii< a2(n + 14)2/4. (1) 
We obtain another upper bound for iias follows. Each vertex of V - I has degree at 
most k in I, whilst each vertex of Z has degree 6 in V - I, so 
k(n - i)/i 2 6. (2) 
As shown in the proof of Theorem 4, each vertex of G appears in a clique of order at 
least r containing at most two vertices from Z u R. Thus each vertex of Z u R has 
degree at least i- 2 in V - (I u R), whilst each vertex of V - (I u R) has degree at 
least T- 3 therein. We conclude that some x’ E V - (I u R) satisfies 
6 = IZ(x’) n (V - (I u R))I + Ir(x’) n (I u R)I 2 i- 3 + (i + k)(?- 2)/(n - i - k), 
so 
6 2 n(T- 3)/(n - i - k). (3) 
Eliminating 6 between (2) and (3) and rearranging gives 
ii< [k(n - i - k)(n - i) + 3ni]/n. (4) 
As a function of k, the right-hand side of (4) is maximised at k = (n - i)/2. However, 
the vertex x E R satisfies IT(x) n II = k, whilst as a vertex of Z u R it has degree at least 
J. Haviland / Discrete Mathematics 143 (1995) 275-280 279 
i- 2 in V - (I u R), so the regularity of G implies 
6 = Ir(x)nZI + IT(x)n(V-(ZuR))I 2 k +i- 2. (5) 
Now Z-K#& so Z(Z-K)s V-(ZuX)s V-(ZuR) with IZ(Z-K)I>& 
giving 
n-i-k~IV--(ZuR)j~[T(Z-K)IB6. (6) 
Eliminating 6 between (5) and (6) and rearranging gives k G (n + 2 - i - ;)/2. Hence 
in fact the right-hand side of (4) is maximised at k = (n f 2 - i - i)/2, yielding 
6~ [(n + 2 - i - T)(n - 2 - i + T)(n - i) + 12ni-J/4n 
< [(n + 2 - i - T)n(n - i) + 12ni]/4n 
< (n + 14 - i - i)(n - i)/4 as i < n - i 
< (n + 14 - i - i)(n + 14 - i)/4, 
so 
ii< (n + 14)2(1 - c()(2 - a)/8 since i + i= a(n + 14) and i B ?. (7) 
Finally, from (1) and (7) we have that ir< max,,o(min{f(a),g(a)})(n + 14)2, where 
f(x) = a2/4 and g(cr) = (1 - cr)(2 - a)/8. Thus it remains to solve the quadratic equa- 
tion 2a2 = (1 - a)(2 - x), which has positive root c( = (,j? - 3)/2 = 0.5615..., 
whence ii< (n + 14)2(13 - 3@)/8 < (n + 14)2/12.68. Cl 
3. Related problems 
In the light of questions addressed here and in [S-7], it seems natural to seek upper 
bounds for the independent domination number of regular graphs, as functions of the 
order n and degree 6. From above we know i < n/2, but for most values of 6 this is far 
from best possible. In [S] it is shown that if n/2 < 6 ,< n then i d n - 6, and further 
that this bound can be attained only by complete multipartite graphs with vertex 
classes all of the same order. 
By adapting arguments from [7], we can prove that if n/4 Q 
6 < (3 - fi)n/2 = (0.3819...)n then i 6 n - J”d and if (3 - ,,f?)nf2 d 6 d n/2 then 
i < 6. Moreover, for every m E N such that m divides n, we can construct a h-regular 
graph with 6 = n/2m and i = n/2, namely m K6,&, although obviously for m > 1 such 
graphs are disconnected. If we impose the constraint that graphs be connected, our 
work with these smaller values of 6 suggests the following to be true. 
Conjecture. Any connected regular graph of order n and degree 6 < n/2 satisfies 
i d [2n/36]6/2. 
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Note that the bound of the conjecture is attained by this next class of graphs. Let 
n be divisible by m and let V(G) be partitoned into sets of equal order X,,, . . . , X,_ 1, 
where G[Xj] is an independent set and the bipartite graph induced by Xjmod ,,,, 
X~j+1,,~,iscomplete,O~j~m-1.Then6=2n~mandi=~m/3~n~m= [2n/3616/2. 
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